The development of numerical models able to simulate the complex physical behaviour of concrete cracking is a very peculiar subject, as an "exhaustive" model that performs in every condition does not so far exist. In this contribution, the specific finite element formulations of two distinct three-dimensional continuum models are presented: an isotropic scalar damage model (SDM) and a rotating crack model (RCM). According to the isotropic SDM model, the loss of integrity of the material is controlled by a single scalar parameter. The resulting damaged stiffness tensor is a scalar multiple of the elastic stiffness tensor, so it decreases proportionally in every direction, independently of the direction of the loading. On the other hand, the RCM reproduces the anisotropic behaviour of cracking. The implemented version allows the formation of up to three mutually orthogonal cracks, which keep, aligned with the principal directions (of both stresses and strains). For both the above models, some implementation devices and numerical algorithms (also useful for other constitutive laws) are described. The models are implemented into an 8-node isoparametric volume element and tested in the analysis of simple but representative structures, for which experimental tests and different numerical simulations are available.
The directions of principal local stresses are unpredictable because of the randomness of heterogeneity but, on a larger scale, experimental tests have shown that macro-cracks open on the plane orthogonal to the maximum principal nominal (average) stress.
Uni-axial traction test
In the material models of the present study, the three-dimensional fracturing behaviour of concrete is trac d back to the uni-dimensional behaviour, which can be more easily deduced from experimental uni-axial traction tests. The traction-separation law (Fig. 2a) , relating the stress σ to the fracture opening w, is considered the true physical (gauge-independent) property of the fracturing material. The experimental traction-separation curve can be analytically expressed, e.g. by means of an exponential function σ = /w (w) = /, exp(-w/u<(,)
whose characterizing physical parameters are the tensile strength f { and the specific fracture energy G, (i.e.
the area under the traction-separation curve). The parameter WQ = G t // t is evaluated by imposing the correct energy dissipation.
Definition of strain during fracturing
Due to the cracking-zone localization, it is indeed not possible to give an objective definition of strain during fracturing, as it depends on the length along which it is measured. Therefore, experiments always deal with elongations. On the other hand, constitutive models need to define strain-like quantities, which could be obtained by choosing a characteristic length h, along which the elongation u is smeared. In FE analysis, h is the actual finite element projection along the considered direction. In this study, the dependence of h on the direction is neglected and h = y]V e \ cm is assumed, where the volume of the element K e i em is computed through Gauss' numerical integration.
ISOTROPIC SCALAR DAMAGE MODEL (SDM)
The isotropic SDM represents the simplest version of the damage model and the immediate extension of the uni-axial case to a general three-dimensional stress state. The loss of integrity is controlled through a single scalar parameter and the resulting damaged stiffness tensor is a scalar multiple of the elastic stiffness tensor, so it decreases proportionally in every direction, independently of the direction of the loading. As the isotropic linear elastic material is characterized by two scalars (usually Young's modulus Ε and Poisson's ratio ν), the most general isotropic SDM should deal with two independent parameters. For the presented single-parameter version, constant Poisson's ratio is also assumed.
Hypothesis
The basic assumptions of the isotropic SDM are the following:
1) Damage is isotropic and it does not affect Poisson's ratio, i.e. the damaged material stresses σ are obtained by multiplying the bulk material stresses Oh by the scalar factor 1 -co :
The damage parameter ω represents a scalar measure of the damage level. Initially, it is set to 0 for the undamaged material, then it starts increasing as soon as the elastic limit is reached, growing asymptotically to the limit value of 1, which corresponds to the completely damaged material, unable to transmit any stress (Fig. lc) .
2) Bulk material is isotropic linear elastic:
where D c is the isotropic linear elasticity tensor and ε is the strain tensor. The combination of tensional cracking and compressive plasticity can be introduced by modifying this relationship.
3) Damage evolution is characterized by a dependence of the damage parameter on the applied strain. To automatically take into account the unloading-reloading conditions (assuming linear unloading-reloading without residual deformation), the damage parameter is chosen to be a function
of the strain tensor through the maximum strain level reached in the material history κ .
4) The damage increases monotonically (no "repairing" is allowed):
*"(/)= max £ e q (*")
is the maximum historically reached value at time t (not necessary the physical time) of the equivalent
τ <t 11 strain , which is a scalar measure of the reached strain-level.
5) A strain-tensor "norm" is provided:
The way equivalent strain £ e q is defined affects the shape of the elastic domain. As concrete fracture grows mainly when the material is stretched, only the positive normal strains
ΓΊ ~
£ eq S ( ε ) = ||(ε)|| = ΙΣ { ε Ι) should be taken into account (Fig. la) . In this study, Rankine's criterion of U=ι maximum principal stress is used and the equivalent strain is defined as ^a nk = -max (ab /) ( Fig. 1 b) .
In the previous formulas, £•/ and a^j are the 7 th principal strain and principal bulk-stress respectively and the angular brackets denote the "positive part" operator, i.e. (x) = max (0, *). 
Damage evolution law
In order to keep the model as simple as possible, a stress-strain relationship is explicitly defined, instead of deducing it from (1), as it will be done for the RCM, and an exponential softening is chosen ( Fig. Id) :
where εο = f\ /Ε is the strain at elastic limit and the value of £q can be determined by imposing the correct energy dissipation. Comparing (7) with the uni-axial version of damage model σ = (ΐ-ω)Εε (and substituting κ to uni-axial strain ε), the damage evolution law
is obtained. Imposing the correct energy dissipation and smearing the strain along the crack-band width h, the Gt -Ge parameter εο fih can be evaluated, where Gei = /t£o /2 is the energy at the elastic limit.
Formulation and implementation
The formulation and the implementation of the isotropic SDM are straightforward from the hypothesis, as an explicit stress-strain relationship can be obtained by successive substitution of (6), (5), (4), (3) and (2).
ROTATING CRACK MODEL (RCM)
The basic idea of the RCM is to keep the principal axes of stresses and strains aligned and to allow the cracks to rotate with them. This way, each crack always opens in pure mode-l, being only subjected to normal stress and normal strain, and the relationship obtained for uni-axial case suffices for the description of the model. The objections about the physical meaning of "crack rotation" have been overtaken in 121. In the following description, the formulation presented in 13/ is considered.
Hypothesis
The RCM is based on the following assumptions: 1) Strains ε are decomposed into a bulk material part and a cracking part ες:
2) Bulk material behaves as isotropic linear elastic, i.e. stresses σ are related to bulk-material strains is the transformation matrix for second order tensors from principal coordinates into global coordinates, n,j being the/" component of the /"' principal unit-vector in the global coordinate system.
Formulation
Rewriting (9) in principal coordinates and substituting the normal components of inverted (10) and of (12) leads to:
where e is the principal strains vector and Ce is the 3x3 normal component sub-matrix of the elastic compliance. Equations (14) are in general non-linear, so they must be linearized and an iterative solution is required. At the «"', incremental step, ε'"' (and consequently e^"') is given and the corresponding s^ must be computed. From the («-!)"' step, both e'" '' and s'" '' are known. Assuming as first tentative value >0) _>-l) s v '~·', the linearized (14) e v "'=Cc |s ( " 0) +6s (l) ) + g(s ( " 0) ) + Cc fs ( " 0) )5s (1) can be obtained. 
can be repeated until the desired precision 5.v to n is obtained, i.e. 5s''' Finally, the stress vector is transformed into global coordinates:
Relationship between principal cracking strain and principal stress
Considering the f" principal direction, the functions e] = g, (s;) of (12) have to distinguish the different material statuses (Fig. 2b) . The analysis begins with undamaged material and no cracking strain is present: holds. As the stress is unknown, also the material status cannot be known in advance. In particular, to decide whether a softening direction keeps on softening or starts unloading, an additional assumption-verification loop must be provided. At the beginning of each iterative step (16), "softening" status is assumed for each previously-softening direction and the relevant g, is evaluated accordingly. As during both softening and unloading stress should decrease, a positive stress correction means a wrong assumption. So, if a previouslysoftening direction exhibits a positive stress correction, the material status for that direction must be changed to "unloading" and the iterative step must be repeated.
On the other hand, if a direction status is "unloading-reloading", positive stress corrections are allowed (reloading), unless the total stress exceeds the maximum previously-reached softening stress. In that case, and the status switches to "softening" again. and cracking strain, illustrating the possible material statuses (b).
Implementation and computational devices
To compute the stress vector the following steps have been implemented:
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2. The current principal directions are compared with those at previous step and, if necessary, reordered in such a way as to maximize the scalar products (in absolute value) of the current principal unit-vectors and the relevant ones at the previous step. If a scalar product is negative, the sign of the current unit-vector is changed.
3. The iterative procedure begins:
3.1. For each principal direction, an assumption on material status is made.
3.2. The principal stresses correction ös is evaluated, accordingly with the assumptions.
3.3. For each principal direction, the material-status assumption is checked and, if necessary, modified.
3.4. If at least one assumption is changed, the program flow jumps to 3.2.
3.5. The principal stresses s are updated.
3.6. The convergence criterion is checked and, if it is not satisfied, another iteration begins.
4. The stress vector is rotated into global coordinate system through (17).
5. The stress vector and the principal directions are stored as "old" values for next subroutine-call.
NUMERICAL EXAMPLE
The developed constitutive laws hold for each material point of the continuum. The FE formulation aims at substituting the infinite number of material points by a finite numerically manageable number of sampling points. Thus, non-linear equations are evaluated only at the integration points and a "homogeneous crack state" is postulated in their neighbourhood. Therefore, a crack opening at an integration point in the numerical model should not be confused with a fracture observed in an experimental test: a zone of cracked integration points defines instead a region where a macroscopically visible crack is likely to open in the actual structure. In this study, a standard 8-node isoparametric element has been used for implementing the material models, with a 2 χ 2 χ 2 integration scheme. The non-linear static analysis have followed an incremental-iterative procedure. The deep beam "WT3" (Fig. 3a) , experimentally tested by Leonhardt and Walther /4/, has been modelled and analyzed. 
Journal of the Mechanical Behavior of Materials
Comparing the load-displacement diagrams ( fig. 4 ) of the experimental test and of different numerical analysis, it appears that all numerical models initially exhibit a too stiff behaviour (likely because of an overestimated concrete young's modulus). After cracking, the RCM and the fixed crack model of DIANA behaves almost identically, whereas the SDM softens faster. Due to the isotropy of the damage, the elements with wide opening cracks are indeed virtually removed from the model, while they should keep transferring normal stresses parallel to the crack plane.
CONCLUDING REMARKS
Two different continuum models for the FF, analysis of fracturing concrete have been analyzed, developed and numerically tested. The single-parameter isotropic SDM proved to be very fast in the analysis (because of its explicit expression for the stress tensor, which does not require additional iterations) and numerically very stable, even in advanced cracking stage. The RCM presents a more complicate formulation and implementation and it requires several numerical devices (principal direction re-ordering, iterative stressevaluation procedure, material-status assumption-verification loop) but it shows a more consistent behaviour.
Its continuum formulation allows indeed the implementation into standard FE-codes and its properties can be defined from the uni-axial test.
